C

O

M

P

U

T

A TIO

NA

L

FINAN CE

L e c t u re 1

: Pr

ici

n

g Intere

st

Deri

v

atives A

Si

m

p

le Bin

omial

Interest

Option Pricing Program

Philip

H

. Dy

bvig Washington

University

Saint Louis,

Missouri

C o p y r i g h t c Phi

lip

H

. Dy b

vig 1

99 5

S o m e S im p le I n te re st Deri v atives

� R i s k l ess B o n ds

� Bond O p tions

{ P uts , C alls, St raddles, et c .

{ A merican, European, Do wn -and-Out, etc.

� Bond F utures and F utures Options

� Caps Floors, Collars

� Riskless In verse Floaters

S o m e Com p le x I n te re st Der i v atives

� M o r t g ag e s a n d CM Os

� Str u ctured Loans

� R is k y Cor porate Bonds

� Ca lla ble and /or Con vertible Bonds

� F oreign E xc hange F utures Options

� Hybrid Securities , e .g. a binary option paying o � i f at maturity 3 -mo

L IBOR > 1 2 % and the dollar is stronger against the yen than it was

at the start of the contract

Wh y

N o t S i m p ly

U s e Bl a c k -Scholes ?

�

T h e i n te re st rate is not constant.

� Thevolatilit

y is not constant.

�\T oday’s price

" is not an asset price.A very clever(or luc ky

) application of

Black-

Scholes maygive a reason-

able approximation

, but it is simpler and more reliable to price a claim

directly with a model designed to price interest derivatives.

Bi n o mi a l P ri cin g of

In t ere st

Deri vativesr

� � �*

H HHj r+

�

r� �T

h e i n te re st rate is not an asset! Therefore

, wecan

’t use the formula

from thepre

vious lecture to compute the risk

-neutral probabilities or

state prices. There are several approaches:

�

Make an assumption about the price process for some asset(e.

g. a

perpetuity

). � Make an assumption about the nature of supply and demand in the

economy and compute equilibrium prices.

� Make an assumption about the interest rate process in the risk-neutral

probabilities, e.g.{

Random walk

{ Modest mean reversion (my favorite)

AR a n d o m W al k or

Mo de s t Mean Reversion

W

e c h oose the r is k

- ne utr a l pro babilities to induce amodest amount of

mean reversion, say

1

2-1 5

% per year.

If we wantE

[

� r

] = k

(r �

� r)� t

; then�

u � + (1 � � u )(� ) = k (r � � r)�t or � u =

1

2

+ k (r � � r)�t

�:

A random walk (good for short maturities and non-critical applications)

corresponds to k =0.

Another issue: use uneven spacing to make interest rate volatility a

function of the interest rate.F udge factors can�t today’s yield curve.S

t o c h a st ic vo latilit y and additional factors are harder.

Tw o

O b s e r v a t io ns

A

b o u t

T i mi n g

T h e sh o r t ris k less rate is kno wn at theb e g i nning of theperiod

, so the riskless rate we learn now a�e cts the riskless return

(and

therefore the discounting

) over the time period starting now. Therefore,

the pricing of a risklessbond involves computations using interest rates

up until one period before maturity .

Ab outInte

rme di ate

Ca s h F lo ws

When a claim includes intermediate

cash ows (as for a coupon bond or a cap), the claim is simply added

in at the appropriate time.F or example, ifV indicates the ex-cash ow

value andC the cash ow, we have, at some node at timet,

V (t;

r)=

�

� u (V (t; r+

� ) + C (t; r + � )) + � �d (V (t; r� � ) + C (t; r � � ))

(1 + r)

In - c l a ss E x e rc ise

:

B on d

Prices

C

o n s i d e r a t woperiodbino mia l model.

T he short riskless interest rate

starts at2

0 % and movesup or down by

10% each period(i.e.

, up to30% or down to 10% at the�rst change

). The risk neutral probability

of each of the two states is 1=2.

What is the price (after the coupon is

paid) at each node of a discount bond with face value of$100 maturing

two periods from the start? (Hint: solve back one period at a time.Be

sure to use the appropriate discount factor at each node!) What is the

price at each node of a bond with a face value of $100 and a coupon of

10% per period?

In -

C l a ss E x e r c ise :

B on d

O p tion

Evaluation

F

o r t h e co u pon bond in the previou s

In

-

C l ass E xercise

, compute the

initial value of a European call option on the coupon bond.

The call

option matures in the middle period and has an exercise price of$

9 0. (Exercise of the option does notgiveyou a claim to the coupon in the

middle period.)

Th e

He a de r

F i le ca p

.h

//

c a p . h

//

//F i x e d -i nc o me binomia l option pricin g include file

//#ifndef

M

A X T E R N O DE S

#define MAXTERNODES 2

00

#endif

class f_i_bin

{

public :

f_i_bin

(double ttm=.2

5

,int npers=4,double sigma=.02,

double rrbar=.07,double

k=.

125

)

;

double bprice(double r0);

double cap(double level,double r0);

private:

int nper;

double tinc,up,down,sig,rbar,kappa,prfact ;

double r[MAXTERNODES

],val[MAXTERNODES];

};

Th e T es t F i le c a ptest .cc

//

c a p t e st .cc

//

//F i xe d inc o me binomia l option pricin g model: test

//#incl

ude

<iostream.

h

>

#include

"cap.h"

main (

) { f

_i_bin c2

;

double caprate,r zero;

cout << "\n

T ype the cap rate, a space, the initial"

<< " rate, and thenE

NTE R." << "\n"

<< "Ma

ke the cap rate negative to terminate." << "\n\n";

cout << "State rates in percent per annum (without the "

<< "percent sign).\n\n";

while(

1) {

cout << "cap-rate initial-rate: ";

cin >> caprate >> rzero;

if ( ! ci n

) {

co

u t <<

"

\n E rror :

e x pecte d cap

-rate initial-rate\n"

<< "Ter

minatin g\n" << endl;

return( 1); }

if(caprate< 0

.0) {

cout << endl;

return(0);}

cout << "capvalue

= " << c2.cap(caprate

/100.0

,r zero/100.0)

<< "\n\n";}}

Th e

I m p leme n t at i on File cap

.cc

:

Part

1

//

c a p .cc

//

//F i x e d -i nc o me binomia l option pricin g engine

//#incl

ude

<mat h.h

>

#include <iostream.h>

#include

"cap.h"

#define

M

A X (a ,b

) (((a) > (b))? (a): (b))

#define MI

N(a,b) (((a) < (b)) ? (a) : (b))

Th e

I m p leme n t at i on File cap

.cc

:

Part

2 f

_ i_ bi n

::f_i_bin ( d o ub l e tt m

,int npe r s,double sigm a,double rrbar,doublek

) {

nper=npers

;

tinc = ttm/(double) nper;

sig = sigma;

up = sigma*s qrt(tinc);

rbar = rrbar;

kappa = k;

prfact = kappa*sqrt(tinc)/( 2

. 0*sig); }

Th e

I m p leme n t at i on File cap

.cc

:

Part

3 d

o u b l e f

_ i_bi n

::b p ri ce

(double r0

) {

int i,

j ;

double prup;//initi

ali ze terminal payoff s

//i is the number of up moves

for(i=0;i

<=nper;i

++) {

// r[i

] = r0 + up* (double)(2*i

-nper); not needed for this claim

val[i] =1

.0; }

//compute prices back through the tree

//j+1 is the number of periods from the end

//i is the number of up moves from the start

for(j=0;j<nper;j++) { for(i=0;i<nper-j;i+ +) {

r[i] = r0 + up * (double) (2*i-nper + j);

prup = 0.5 + prfact*(rbar-r[i]);

prup =M

I N(1.0,M A

X(0.0,prup));

val[i] = (prup*val[i+1]+(1.0- prup)*val[i])*exp(-r[i]*tinc);}}

return(val[0]);}

Th e

I m p leme n t at i on File cap

.cc

:

Part

4 d

o u b l e f

_ i_bi n

:: c a p (double level

,double r

0 ) {

int i,j

;

double prup;//initiali

ze terminal payoff s: i is the number of up moves

for(i=0;i

<=nper;i

++) {

// r[i

] = r0 + up* (double)(2*i

-nper); not needed for this claim

val[i] = 0.0;

}

//compute prices back through the tree

//j is the number of periods from the end

//i is the number of up moves from the start

for(j=

1;j<=nper;j++) {for(i=0;i<=nper-j;i ++) {

r[i] = r0 + up * (double) (2*i-nper + j);

prup = 0.5 + prfact*(rbar-r[i]);

prup =M

I N(1.0,M A

X(0.0,prup));

val[i] = (prup*val[i+1]+(1.0- prup)*val[i])*exp(-r[i]*tinc)

+ MAX(0.0,(r[i]-level)*tinc );}}

return(val[0]);}