C

O

M

P

U

T

A TIO

NA

L

FINAN CE

L e c t u re 2

: Pr

ici

n

g Future s

an

d FuturesO

pti

ons

A

Si

mp

le Futures Option Pricing Program

Philip

H

.

D

y

b vig Washington

University

Saint Louis,

Missouri

C o p y r i g h t c Phi

lip

H

. Dy b

vig 1

99 6

C o mmo d i t y S p ot M a r k et (Ca s h ) Pri ces

� O n e - w a y a r b

{ Can g o long p hy s i cal co mmo di ty

{ cannot go short

� Ad j ust return by :

{ storage cost

{ use value

E * [ Return ] � r - use value + storage cost

C o mmo d i t y F utu r e s : I ntuition

� F u tu r e s pr i ce = ris k - a d justed e xpected sp ot rate

� Ca n ju mp do wn as maturit y increases

{ A gricu lturals : at expected har vest

{ Oil: at anticipated easing o f supply

{ Silver and gold: rare , since stock is large

{ Natural gas: storage expensive, can jump either way

{ Paper: strange ; futures but no spot

Fo r w ar d s v ers us F utures

A

F o r w ar d

Co n tra ct i s a commitm ent tob u y a� xed amount at a �xedprice at the end.

A F utures Contractgi

ves the holder a daily claim to the variation in the

market-determined F uturesPrice day by day . At maturity, thefutures

price is given by the underlying commodity price(with cash or physical

settlement).

If the interest rate is nonrandom and there is no arbitrage, then the

futures price equals the forward price.This is usually a good approxi-

mation even when interest rates are random.One futures contract gives\more bang for the buck" than one forward

contract, since the change in value is received immediately rather than at

the end.Holding one futures contract is equivalent to holdingQ forward

contracts, where Q is one over the discount factor to maturity of the

contract.

Ec o no m ic

A d v an ta g e s of

F utu res over F orwards�

L e ss m a r g i n or cre di t veri�cation is req uired

, since onl y one day’s worth of information arrival needs tobe covered.

�The contract is the same every day .

Va l u i n g

C o mmo di t y F utur e s I

f t h e futu re s pr i ce m o vesas

F

� � �*

H HHj

F(

1 +

�

)

F (1� � ) this means that an investment of0 payin g the change (calle d variation)

is a fair trade: 0 � � �* H H Hj

+F �

�F �which is to say that the expected change iszero in the risk

-neutral prob-

abilities .

F or many commodities, this is a good model with �=

� p � t

constant and risk-neutral probabilities of 1/

2 and 1/2. (W e could take

the spacing to be unequal to have volatility fall as the price falls, with

the necessary adjustment in the probabilities.)

Va l u i n g and

H edging

F utu re s

O pti ons

V

a l u i n g c o mmo di t y futu r e s options is performed exactly likevaluing eq

-

uity options or interest options, oncewehave established the risk-neutral

probabilities .

The simple assumption about risk-neutral probabilities is the one de-

scribed in the previous slide, although it may be more natural to usual

approach for the underlying asset for bond futures options or stock index

futures options.

The number of futures to hold is the number needed to give the same

di�erence in value across the two states tomorrow as holding the futures

would.

In - c l a ss E x e rc ise

:

F u tures

O pti ons

C

o n s i d e r a t woperiodbino mia l model.

T he short riskless interest rate is�

xed at1

0 %. A two-periodcorn option isvalued at$

200 today and willgo up or down by $50 each day, with risk-neutral probabilities 1/2 and

1/2.What is the price today of a futures call option with an exercise

price of $50 and maturity one period from now?

(T o be perfectly clear,

it is the call option that matures one period from now; the underlying

futures matures two periods from now.)

Th e

He a de r

F i le f u t

.h //

f u t . h

//

//B i n o mi a l futur e s option pricin g model

: declarations

//#define

M

A X T E R N O DE S

4

0struct valhedge

{

double value;

double delta;};

class fut {

public:

fut(double ttm=.

2

5 ,int npers=4,double r=.05,double sigma=.3

);

valhedge eurcall(double f0,double X);

private:

int nper;

double tinc,r1per,disc,disctm,up, down,pratio,prcup,prcdn;

do u b l e v al [

M A X T E R N O DE S

] ; };

Th e T es t F i le f uttest .

cc //

f u tt e st .

cc

//

//B

i n o mi a l futures option pricing model

: test

//#include

<iostream.

h

>

#include

"fut.h"

main (

) {

fut c1

; valhedge

x;

double futprice,stri ke

P;

cout << "\n

T ype the futures price, a space, the strike"

<< " price, and thenE

NTE R.\n"

<< "Make the futures price negative to terminate." << "\n\n";while(1) {

cout << "futures-price strike-price: ";

cin >> futprice >> strikeP;

if(futprice <0.0) { co u t << e n d l ; return

(

0 ); } i

f( !cin)

{

cout <<"in v alid input" << endl;

return(

1);}

x

= c1.eurcall(futprice

, stri ke

P);

cout << "call option value = " << x.value << "\n"

<< "hed

ge (num ber of contracts) = " << x.delta

<< "\n\n";}}

Th e

I m p leme n t at i on File f ut .

cc :

Part

1

//

f u t . cc

//

//B i n o mi a l futur e s option pricing model

: implementation

//#include

<mat h.h

>

#include

"fut.h"

#define M A X (a , b ) (((a) > (b))? (a) : (b))

Th e

I m p leme n t at i on File f ut .

cc :

Part

2 f

u t ::fut ( d ou b l e ttm

, i nt npe r s,double r,double sigm a

) {

nper= npers;

tinc = ttm/(double) nper;

r1per = exp(r

* tinc);

disc = 1.

0/r1per;

disctm = exp(-r * ttm);

up = 1.0+ sigma * sqrt(tinc);

down = 1.0 - sigma * sqrt(tinc);

prcup = 0.5*disc;

prcdn = 0.5*disc;}

Th e

I m p leme n t at i on File f ut .

cc :

Part

3 v

a l h e d ge f u t ::eu r call (d ou ble f0

,double X

) { i

nt i,j

;

double futprice;

valhedge x

1; // initiali ze terminal payoff s

// i is the number of up moves over thewhole life

for(i=0;i

<=nper;i

++) {

futprice = f0* pow(up,(double) i) * pow(down,(double) (nper-i));

val[i

] =M

AX(futprice - X,0);}

// compute prices back through the tree

// j+1 is the number of periods from the end

// i is the number of up moves from the start

for(j=0;j<nper-1;j++) {

for(i=0;i<nper-j;i++) {

val[i] = prcdn * val[i] + prcup * val[i+1];}}

x1.value = prcdn * val[0] + prcup * val[1];

x1.delta = (val[1]-val[0]) / (f0*(up-down));

re t ur n

( x 1 ) ; }