C

O

M

P

U

T

A TIO

NA

L

FINAN CE

L e c t u re 4

: St

och

a st ic

Volatilit

y

O

ptio

n

Pricin

g

Mo

del

Simulation

Estimation of Option Prices

Philip H

.

Dy

b

vig Washington

University

Saint Louis, MissouriC o p y r i g h t c Phi

lip

H

. Dy b

vig 1

99 6

T h e F u n d a men ta l The o rem o f Pro bab ilit y

T h e F u n d a men ta l The o rem o f Pro bab ilit y says that if we draw a random

variable inde pendently a gain and again from a probability distribution ,

the sample mean of the random variable will approa ch the population

mean . F or e xample, consider a fair ( 5 0 -50 ) coin and the random variable

that is 1 given heads and 0 given tails. The F undamental Theorem of

Probability tells us that in a large number of independent coin ips, the

mean of this random variable will tend to 1 / 2. This says that in a large

sample, the proportion of heads tends to 1/2.

E x p e c t at i o n s Can Be Esti mate d b y Sim u lation

I t h a s b ee n sa i d that the F unda menta l The o rem o f Probabilit y ma kes

statisti cal analysis possible . It also makes simulation possible : the sam -

ple mean of a random variable we simulate appro ximates the population

mean as the simulation gets large.

Op t i o n P ri c e s are

E xp ectations :

Sin g le Period

R

e c a ll t hat we can wr ite o ption prices in a one-period model as expecta-

tions .

A bsent dividends

(which are valued separately in the same way)

V

0 =

E

�

[ 1 r

V1

] (1)This assumes no dividends. E � indicates expectations under the risk-

neutral probabilities that equali ze expected returns across assets, and

r is one plus the riskless rate.Intuitively , investing in any asset is afair gamble after discounting (by 1=r) adjusts for time preference and

changing from actual probabilities to risk-neutral probabilities adjusts

for risk preferences.

Op t i o n P ri c e s are

E xp ectations :

M u ltiple

Periods

V

0 =

E

�

0[

1 r 0

V1

] = E �

0 [

1

r 0

E �

1 [

1

r 1

V2 ]] = E �

0 [

1

r 0 r 1

V 2 ] =::: = E �

0 [

1

r 0 r 1 :::rT

�1

V T ](

2 )

Op t i o n P ri c e s are

E xp ectations : Obser vations 1

. I f t h e thei ntere st rate is nonran do m

, wecan take the discounting out

of the ex

pectation, and we simpl y discount the expected cash ows

in the risk-neutral probabilities. In a simulation, we simulate the

underlying processes using the risk-neutral probability distributions,

compute the cash ows, and then take net presentvalues.2.

If the interest rate moves randomly , we need to discount using the

realized spot rates, and we take the expectationa f t e r discounting.D o not discount discount expected terminal cash ows at a multiperiod

riskless rate.3.

F or multiple cash ows, we can treat each maturity separately and

add the results.Or, we can accumulate cash ows and reinvest them

in the riskless asset which will give the same answer.

AM e n a ge r ie o f Ran do m

V ariab le s

L

e t d o u b le p re c i sio n v ariables z i ( for exa mple

, each generated as(( d o u b l e ) r

a nd()

/(double)

R

A N D MA

X)) be independent pseudo-random numbers

uniform on[

0, 1

] . Then we can generate pseudo-random numbers with

other distributions as follows: 1.x

1 = a

+ (b

� a)z 1 : uniform on the interval [a; b]2. x2 = (z 1<

p

? u :d), where 0 < p < 1:Bernoulli random variable that

is u with probability p and d with probability 1 � p3. x3 = (z 1 < p 1 ?u : (z 1 < p 1 + p 2 ?m : d)), where 0 < p 1 < p 1 + p 2 < 1:

three-valued random variable giving u with probability p 1 , m with

probability p 2 , and d with probability p 3 = 1 � p 1 � p 2 .4. x4 =r

�2:0

� log(z 1 ) � cos(2 � � z 2 ) and x5 = r

�2:0 � log(z 1 ) � sin(2 �

� � z 2): two independent normal random variables each having meanzero and variance one. (The constant � 3:1415

92 6535.)

5. x6 = z 1 + z 2 + z 3 + z 4 + z 5 + z 6 � z7

� z8

� z9 � z 10 � z 11 � z 12 : a di�erent

variable approximately normal with mean zero and variance 1.

6. x 7 =

� k

� l o g ( z 1 ) : e x ponen t i al di st ri b ution wit h mean k7. x8 =m

+ s � x4

: a normal randomvariable with mean m and standard

deviation s and therefore variance s2

. (Obviously

, we can use x5 or

x6 in place of x 4 .)8. x9 = m + s � (z 1 �0

: 5) +p 1

2:0: uniform random variable with mean

of m and standard deviation s.

Th e

He a de r

F i le si m u

2

.h //

//s

i m u 2 . h S t o ch astic

Vo latilit y

O ptio n

P ricin g

Mo d el

//class svprice

{

public :

svprice

(double ttm=

0.2 5

,int nper=12,double r=.05,double initstd=.15,

double meanstd=.2,double k=

6.0,double sigstd=.5)

;

double eurcall(double stock,double strike,long int nsimu=1000);

private:

int npers;

double tinc, r1per, stockP, sigma0, sigma, meansigma, sigmasigma, kappa,

c0, c1, c2, c3, c4, c5;

double stocktotret();};

Th e T es t F i le sim u

2test

.

cc //

//s

i m u 2 t est .

cc St oc h astic Vo latilit y

O ptio n

P ricin g

Test

File

//#inclu

de

<iostream.h

>

#include <math.h>

#include

"simu2.h" main ( ) {

long int i,nsimus

;

svprice sim2;for(nsimus

=

1 0;nsimus<=100000l;nsi mus*= 10)

cout << nsimus << " " <<

floor(sim2.eurcall((d ouble) 100.0,(double) 100.0,nsimus)*100.0+0.

5)/100.0

<< endl;

cout << endl;

for(i=0;i<20;i++)

cout << "100000 " << fl oo r

( s i m 2 . e ur c all(( dou ble

)

1

00.0

,(double)

100.0,(lo n g int) 100000l)*100.0

+0.

5)

/100.0

<< endl;

return(0); }

Th e

I m p leme n t at i on File sim u

2

. cc :

Part

1

//

//s

i m u 2 . cc S t oc h astic Vo latilit y

O ptio n

P ricin g

Mo d el

//#include

<math.h

>

#include <stdlib.h>

#include <iostream.h>

#include

"simu2.h"

#define unifrand(

) ((double) rand()/((double)R

A N D _MA X))

#define MAX(a,b) (((a) > (b))? (a): (b))

Th e

I m p leme n t at i on File sim u

2

. cc :

Part 2s

v p r i c e ::svprice ( d o u b le tt m

,i nt nper,double r,double initstd, double

meanstd, doublek, double sigstd

)

{

npers

= nper;

tinc = ttm/(double) nper;

r1per = 1.

0 + r*tinc;

sigma0 = initstd;

meansigma = meanstd;

sigmasigma = sigstd;

kappa = k;

c0 = kappa * tinc * meansigma;

c1 = 1.0- kappa * tinc;

c2 = 1.0 - sigmasigma * sqrt(tinc)*0.

5*sqrt((double) 12);

c3 = sigmasigma * sqrt(tinc) * sqrt((double) 12);

c4 = sqrt(tinc)*sqrt((dou ble) 12);}

Th e

I m p leme n t at i on File sim u

2

. cc :

Part

3 d

o u b l e s v p r i ce ::eurc all

(double stoc k

,double strike,lon g int nsimu

)

{

long int i,n;

double x;

x=

0 .0; for(n=0;n

<nsimu;n

++) {

stock

P = stock;

sigma = sigma0;

for(i=0;i<npers;i++) {

stockP

*= stocktotret();}

x +=M

A X(stockP

-strike,0);}

return(x

/((double) nsimu * pow(r

1per,(double) npers)));} double svprice::stocktotret () {

double stockret;

//

//T h e f o llo w i n g s t r aightforwar d co m p utations are algebraicall y the same as

// the ones used below but are much slower because many more calculations are

// performed in each pass through the loop.

//

// stockret

= r1per

+ sigma* sqrt

(tinc

) * (unifrand()-

0. 5) * sqrt((double) 12)

;

// sigma = (kappa*tinc * meansigma + (1.0 - kappa * tinc) * sigma) *

// (1 + sigmasigma * sqrt(tinc) * (unifrand()-0.5) * sqrt((double) 12));

// return(stockret); }

//

stockret = r1per + sigma * c4 * (unifrand()-0.5);

sigma = (c0 + c1 * sigma) * (c2 + c3 * unifrand());

return(stockret);}